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We consider the differential equationy00ðxÞ þ ðq2RðxÞ þ iqq1ðxÞ þ q0ðxÞÞyðxÞ ¼ 0; xP 0; ð1Þ
on the half-line with nonlinear dependence on the spectral parameter q. Let aP 1, andRðxÞ ¼ 1; 0 6 x < a;
x 1; xP a;

ð2Þi.e., the sign of the weight-function changes in an interior point x= a, which is called
the turning point. The functions qj(x), j= 0,1, are complex-valued, q1(x) is absolutely
continuous and ð1þ xÞqðlÞj 2 Lð0;1Þ for 0 6 l 6 j 6 1.
Differential equations with spectral parameter and turning point arise in various
problems of mathematics (see, for example, Tamarkin [7]). The classical Sturm–
Liouville operators with turning points in the ﬁnite interval have been studied fairly
completely in Freiling and Schneider [2]. Indeﬁnite differential pencils produceonding author.
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96 A. Neamaty, Y. Khalilisigniﬁcant qualitative modiﬁcation in the investigation of the inverse problem. Some
aspects of the inverse problem theory for differential pencils without turning points
were studied in Khruslov and Shepelsky [5] and Yurko [8]. In Freiling and Yurko
[3,4], the inverse problem was investigated for differential equations with m turning
points. Also the inverse problem was investigated for differential pencils with turn-
ing point and nonlinear dependence on the spectral parameter in Yurko [11,12].
Here we investigate the uniqueness solution of the inverse problem with turning
point when the weight-function changes in the linear form after turning point. As
the main spectral characteristic for the boundary value problem, we introduce the
so-called Weyl function.
In this paper, we will study the uniqueness theorem for Eq. (1) with spectral bound-
ary condition. In Section 2, we determine the asymptotic forms of the solutions of
Eq. (1) and derive characteristic function. In Section 3, we obtain the Weyl function
and establish a formulation of the inverse problem. In Section 4, we prove the
uniqueness theorem.
2. PRIMARY RESULTS
We consider the boundary value problem L for Eq. (1) on the half-line with the bound-
ary conditionUðyÞ :¼ y0ð0Þ þ ðb1qþ b0Þyð0Þ ¼ 0; ð3Þ
where the coefﬁcients b1 and b0 are complex numbers and b1 „±1. Denote
P± :¼{q: ±Imq> 0}, P0:¼{q:Imq= 0}. By the well-known method (see, Mennic-
ken and Moller [6]; Tamarkin [7] and Freiling and Yurko [4]), we obtain a solution
e(x,q) of the Eq. (1) (which is called the Jost-type solution) with the following
properties:
Theorem 2.1. Eq. (1) has a unique solution y = e(x,q), q 2 P±, xP a, with the
following properties:
1. For each ﬁxed xP a, the functions e(m)(x,q), m= 0,1, are holomorphic for q 2 P+
and q 2 P (i.e., they are piecewise holomorphic).
2. The functions e(m)(x,q), m= 0,1, are continuous for xP a; q 2 Pþ and q 2 P (we
differ the sides of the cut P0). In other words, for real q, there exist the ﬁnite limitse
ðmÞ
 ðx; qÞ ¼ lim
z!q; z2P
eðmÞðx; zÞ:Moreover, the functions e(m)(x,q), m= 0,1, are continuously differentiable with respect to
q 2 Pþ n f0g and q 2 P n f0g.
3. For x !1; q 2 P n f0g; m ¼ 0; 1;eðvÞðx; qÞ ¼ ðiqÞvRðxÞv12expððiqxQðxÞÞÞð1þ oð1ÞÞ; ð4Þ
where QðxÞ ¼ 1
2
R x
0
q1ðtÞdt.
4. For jqj ! 1; q 2 P; m ¼ 0; 1, uniformly in xP a,
eðmÞðx; qÞ ¼ ðiqÞmRðxÞm12expððiqxQðxÞÞÞ½1; ð5Þ
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Eq. (1) which is smooth for xP 0, i.e.,eðmÞða 0; qÞ ¼ eðmÞðaþ 0; qÞ; m ¼ 0; 1: ð6Þ
Then the properties 1  2 remain true for xP 0.Let the functions u(x,q) and S(x,q) be
the solutions of Eq. (1) under the initial conditions u(0,q) = 1, U(u) = 0, S(0,q) = 0,
S0(0,q) = 1. For each ﬁxed xP 0, the functions u(m)(x,q) and S(m)(x,q), m= 0,1, are
entire in q.
Lemma 2.2. For m ¼ 0; 1; jqj ! 1, uniformly in x, the following asymptotic formulae
are valid:uðmÞðx;qÞ¼ qm
2
ðð1Þmð1þb1Þexpðqxþ iQðxÞÞ½1þð1b1Þexpðqx iQðxÞÞ½1Þ; x2 ½0;a;
uðmÞðx;qÞ¼ 1þb14 1þ iða1Þ
1
2
 
exp qa 1þ iða1Þ12
 
þ iQðaÞ 1 iða1Þ12
  
½1

þ1b1
4
1 iða1Þ12
 
exp qa 1 iða1Þ12
 
 iQðaÞ 1þ iða1Þ12
  
½1

 iqðx1Þ12
 m
exp iqðx1Þ12xðx1Þ12 QðxÞ
 
þ 1þb14 1þ iða1Þ
1
2
 
exp qa 1 iða1Þ12
 
þ iQðaÞ 1þ iða1Þ12
  
½1þ 1b1
4
1 iða1Þ12
 
exp qa 1þ iða1Þ12
 
 iQðaÞ 1 iða1Þ12
  
½1

iqðx1Þ12
 m
exp iqðx1Þ12xþðx1Þ12 QðxÞ
 
; xPa:
8>>>>>>>>>>><>>>>>>>>>>>:
Proof. Denote P1 :¼ fq : Req > 0g. It is known (see, Mennicken and Moller [6] and
Tamarkin [7]) that for xP a; m ¼ 0; 1; q 2 P1; jqj ! 1; there exists a fundamental
system of solutions {Yk(x,q)}k=1,2 of Eq. (1) of the formY
ðmÞ
k ðx; qÞ ¼ ð1Þk1iqðx 1Þ
1
2
 m
exp ð1Þk1 iqxðx 1Þ12  ðx 1Þ12 QðxÞ
  
½1:
ð7ÞSimilarly for x 2 ½0; a; m ¼ 0; 1; q 2 P1; jqj ! 1; there exists a fundamental system
of solutions {yk(x,q)}k=1,2 of Eq. (1) of the formy
ðmÞ
k ðx; qÞ ¼ ðð1ÞkqÞmexpðð1Þkðqx iQðxÞÞÞ½1: ð8ÞUsing the Birkhoff-type fundamental system of solutions, one hasuðmÞðx; qÞ ¼ A1ðqÞyðmÞ1 ðx; qÞ þ A2ðqÞyðmÞ2 ðx; qÞ; x 2 ½0; a; ð9Þ
uðmÞðx; qÞ ¼ B1ðqÞYðmÞ1 ðx; qÞ þ B2ðqÞYðmÞ2 ðx; qÞ; xP a: ð10ÞTaking (8) and the initial conditions u(0,q) = 1, u0(0,q) =  (b1q+ b0) into account,
we calculateA1ðqÞ ¼ 1þ b1
2
½1; A2ðqÞ ¼ 1 b1
2
½1: ð11Þ
98 A. Neamaty, Y. KhaliliSubstituting (8) and (11) in (9), we obtain the asymptotic formulae uðmÞðx; qÞ; m ¼ 0; 1,
as jqj ! 1, uniformly in x 2 [0,a].
Now using (7), (10) and the smooth condition uðmÞða 0; qÞ ¼
uðmÞðaþ 0; qÞ; m ¼ 0; 1, we haveB1ðqÞ ¼ 1
2
exp iqaða 1Þ12 þQðaÞða 1Þ12
 
iqða 1Þ12uða; qÞ þ u0ða; qÞ
 
½1;
B2ðqÞ ¼ 1
2
exp iqaða 1Þ12 QðaÞða 1Þ12
 
iqða 1Þ12uða; qÞ þ u0ða; qÞ
 
½1:Substituting the coefﬁcients B1(q), B2(q) and (7) in (10), we obtain u
(m)(x,q), m= 0,1,
as xP a, jqj ! 1. Lemma 2.2 is proved. h
Corollary 2.3. It follows from Lemma 2.2 thatjuðmÞðx; qÞj 6 CjqjmexpðjReqjxÞ; x 2 ½0; a; ð12Þ
juðmÞðx; qÞj 6 CjqjmexpðjReqjaÞexpðjImqjða xÞÞ; xP a: ð13ÞDenoteDðqÞ :¼ Uðeðx; qÞÞ: ð14ÞThe function D(q) is called the characteristic function for the boundary value problem L.
The function D(q) is holomorphic in P+ and P, and for real q, there exist the ﬁnite
limitsD ðqÞ¼ lim
z!q; z2P
DðzÞ:Moreover, the function D(q) is continuously differentiable for q 2 P n f0g.
Theorem 2.4. For jqj ! 1; q 2 P, the following asymptotical formula holds:DðqÞ ¼ q
2
ða 1Þ12 expððiqaQðaÞÞÞðð1 iða 1ÞÞð1 b1Þexpðqa iQðaÞÞ½1
 ð1 iða 1ÞÞð1þ b1Þexpðqaþ iQðaÞÞ½1Þ:Proof. Taking the Birkhoff-type fundamental system of solutions {yk(x,q)}k=1,2 of
Eq. (1) on the interval [0,a], one haseðmÞðx; qÞ ¼ H1ðqÞyðmÞ1 ðx; qÞ þH2ðqÞyðmÞ2 ðx; qÞ; x 2 ½0; a: ð15Þ
Using the Cramers rule, we calculateH1ðqÞ ¼ 1
2
ða 1Þ12 ð1 iða 1ÞÞexpððiqaQðaÞÞÞexpðqa iQðaÞÞ½1;
H2ðqÞ ¼ 1
2
ða 1Þ12 ð1 iða 1ÞÞexpððiqaQðaÞÞÞexpðqaþ iQðaÞÞ½1:
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q 2 P; x 2 ½0; a;eðmÞðx; qÞ ¼ q
m
2
ða 1Þ12 expððiqaQðaÞÞÞðð1Þmð1 iða 1ÞÞexpðqa iQðaÞÞ
 expðqxþ iQðxÞÞ½1 þ ð1 iða 1ÞÞ
 expðqaþ iQðaÞÞexpðqx iQðxÞÞ½1Þ:Together with (3) and (14), this yields the characteristic function D(q). h
Deﬁnition 2.5. The values of the parameter q, for which Eq. (1) has nontrivial solutions
satisfying the conditions U(y) = 0, y(1) = 0 (i.e., limxﬁ1y(x) = 0) are called eigen-
values of L, and the corresponding solutions are called eigenfunctions.
DenoteK0 ¼ fq 2 P;DðqÞ ¼ 0g; K0 ¼ K0þ [ K0;
K00 ¼ fq 2 R;DðqÞ ¼ 0g; K00 ¼ K00þ [ K00;
K ¼ K0 [ K00; K ¼ Kþ [ K:Theorem 2.6.
(1) For sufﬁciently large k, the function D(q) has simple zeros of the formqk ¼
1
a
ðkpiþ iQðaÞ þ j1  j2Þ þOðk1Þ; ð16Þwherej1 ¼ 1
2
ln
b1 þ 1
b1  1
; j2 ¼ 1
2
ln
iða 1Þ þ 1
iða 1Þ  1 :(2) The set K0 coincides with the set of nonzero eigenvalues of L. For qk 2 K0, the
functions e(x,qk), u(x,qk) are eigenfunctions andeðx; qkÞ ¼ ckuðx; qkÞ; ck–0: ð17Þ
(3) For real q „ 0, L has no eigenvalues.
Proof. By virtue of Theorem 2.4, we haveDðqÞ¼ fðqÞþgðqÞ;
fðqÞ¼ q
2
ða1Þ12 expððiqaQðaÞÞÞðð1 iða1ÞÞð1b1Þexpðqa iQðaÞÞ
ð1 iða1ÞÞð1þb1Þexpðqaþ iQðaÞÞÞ;
gðqÞ¼ q
2
ða1Þ12 expððiqaQðaÞÞÞðð1 iða1ÞÞð1b1Þexpðqa iQðaÞÞOðq1Þ
ð1 iða1ÞÞð1þb1Þexpðqaþ iQðaÞÞOðq1ÞÞ:
100 A. Neamaty, Y. KhaliliWhereas for sufﬁciently large q, Œf(q)Œ> Œg(q)Œ, applying Rouche’s theorem (see, Con-
way [1]), the number of zeros of D(q) coincides with the number of zeros of f(q). Now,
solving the equation f(q) = 0, we obtain for sufﬁciently large k,qk ¼
1
a
kpiþ iQðaÞ þ 1
2
ln
b1 þ 1
b1  1
 1
2
ln
ðiða 1Þ þ 1Þ
ðiða 1Þ  1Þ
 
:Since g(q) = f(q)O(q1), we obtain zeros of the form (16). For qk 2 K0, by virtue of (5)
and (6) we result that limxﬁ1e(x,qk) = 0. Thus qk is an eigenvalue. Since
Æu(x,q),e(x,q)æ=4(q), we arrive at (17). Overhand, let qk (complex value) be an eigen-
value and y(x,qk) be a corresponding eigenfunction. Since U(y(x,qk)) = 0,
limxﬁ1y(x,qk) = 0, one gets y(x,qk) = cku(x,qk), and y(x,qk) = cke(x,qk) for ck „ 0.
Therefore this yields (17) and D(q) = U(e(x,qk)) = 0. To prove part 3, let q0 „ 0 be
real, then the function e(x,q) does not vanish at inﬁnity. Thus for real q „ 0, BVP(L)
has no eigenvalues. h3. WEYL SOLUTION AND FUNCTION
We put/ðx; qÞ ¼ eðx; qÞ
DðqÞ ; ð18Þthat the function /(x,q) be a solution of Eq. (1) under the conditions Uð/Þ ¼
1; /ðx; qÞ ¼ O ðx 1Þ12 expðiqxÞ
 
; x!1; q 2 P. Thus limxﬁ1/(x,q) = 0. The
function /(x,q) is called the Weyl solution of the boundary value problem L. DenoteMðqÞ ¼ /ð0;qÞ: ð19ÞWe will call M(q) the Weyl function for L. It follows from (18) and (19) thatMðqÞ ¼ eð0; qÞ
DðqÞ : ð20ÞThe function M(q) is regular in P n K0 and continuous in P n K. As
jqj ! 1; q 2 P; we haveMðqÞ ¼ 1
qðb1  1Þ
½1: ð21ÞUsing the initial conditions at the point x= 0, we get/ðx; qÞ ¼ Sðx; qÞ þMðqÞuðx; qÞ; ð22Þ
huðx; qÞ;/ðx;qÞi ¼ 1; ð23Þwhere Æy,zæ= yz0  y0z.
Lemma 3.1. Fix d> 0. Denote Gd:¼{q 2 C: Œq  qkŒP d,qk 2 K}. Then the following
inequalities are valid:
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jeðmÞðx; qÞj 6 CjqjmexpðjImqjaÞexpðjReqjða xÞÞ; x 2 ½0; a;
jDðqÞjP CjqjexpðjImqjaÞexpðjReqjaÞ; q 2 Gd;
j/ðmÞðx; qÞj 6 Cjqjm1expðjReqjaÞexpðjImqjðx aÞÞ; q 2 Gd; xP a;
j/ðmÞðx; qÞj 6 Cjqjm1expðjReqjxÞ; q 2 Gd; x 2 ½0; a;
jMðqÞj 6 Cjqj1; q 2 Gd:Proof. It follows for xP ajeðmÞðx; qÞj ¼ ðiqÞmRðxÞm12expððiqxQðxÞÞ½1
 
¼ ðiÞmRðxÞm12expððiReqxQðxÞÞÞ  ½1
 jqjmexpðjImqjxÞ
6 CjqjmexpðjImqjxÞ;
and using triangle equality for the function e(x,q) in [0,a], we havejeðmÞðx;qÞj¼ q
m
2
ða1Þ12 expððiqaQðaÞÞÞðð1Þmð1 iða1ÞÞexpðqa iQðaÞÞ

expðqxþ iQðxÞÞ½1þð1 iða1ÞÞexpðqaþ iQðaÞÞexpðqx iQðxÞÞ½1Þ

6 q
m
2
ða1Þ12 expððiqaQðaÞÞÞ
 ðjð1Þmð1 iða1ÞÞexpðqa iQðaÞÞ
expðqxþ iQðxÞÞ½1jþjð1 iða1ÞÞexpðqaþ iQðaÞÞexpðqx iQðxÞÞ½1jÞ
¼ 1
2
ða1Þ12 expðiReqaÞexpðQðaÞÞ
 ðjð1Þmð1 iða1ÞÞexpðiImqaÞ
expðiImqxÞexpðiQðaÞÞexpðiQðxÞÞ½1jþjð1 iða1ÞÞexpðiImqaÞ
expðiImqxÞexpðiQðaÞÞexpðiQðxÞÞ½1jÞgjqjmexpðjImqjaÞexpðjReqjðaxÞÞ
¼CjqjmexpðjImqjaÞexpðjReqjðaxÞÞ:
Since Œx± yŒP ŒŒxŒ  ŒyŒŒ, we have for q 2 Gd,jDðqÞj¼ q
2
ða1Þ12 expððiqaQðaÞÞÞðð1 iða1ÞÞð1b1Þ
expðqa iQðaÞÞ½1ð1 iða1ÞÞð1þb1Þexpðqaþ iQðaÞÞ½1Þ

P
q
2
ða1Þ12 expððiqaQðaÞÞÞ
 jjð1 iða1ÞÞð1b1Þ
expðqa iQðaÞÞ½1jjð1 iða1ÞÞð1þb1Þ
expðqaþ iQðaÞÞ½1jj
102 A. Neamaty, Y. Khalili¼ 1
2
ða1Þ12 expðiReqaÞexpðQðaÞÞ
 jjð1 iða1ÞÞ ð1
b1ÞexpðReqaÞexpðiQðaÞÞ½1jjð1 iða1ÞÞð1þb1ÞexpðReqaÞ
expðiQðaÞÞ½1jj

jqjexpðjImqjaÞexpðjReqjaÞ
¼CjqjexpðjImqjaÞexpðjReqjaÞ:Now, taking (18) and (20), we infer for q 2 Gd,
j/ðmÞðx; qÞj 6 Cjqjm1expðjReqjaÞexpðjImqjðx aÞÞ; xP a;
j/ðmÞðx; qÞj 6 Cjqjm1expðjReqjxÞ; x 2 ½0; a;
jMðqÞj 6 Cjqj1:Lemma 3.1 is proved. h
Now we will study the inverse problem for the boundary value problem L. The
inverse problem is formulated as follows:
Inverse Problem 3.2. Given the Weyl function M(q), construct the potentials q1(x),
q0(x) and the coefﬁcients b1, b0.4. UNIQUENESS THEOREM
In this section, we prove the uniqueness theorem for the solution of the inverse problem
from the given Weyl function. We agree that together with L= L(q1(x),q0(x),b1,b0),
consider a boundary value problem eL ¼ Lð~q1ðxÞ; ~q0ðxÞ; ~b1; ~b0Þ of the same form but
with different coefﬁcients. Also if a certain symbol denotes an object related to L, then
the corresponding symbol with tilde will denote the analogs’ object related to eL.
Theorem 4.1. If MðqÞ ¼ fMðqÞ then q1ðxÞ ¼ ~q1ðxÞ; q0ðxÞ ¼ ~q0ðxÞ for x > 0; b1 ¼ ~b1
and b0 ¼ ~b0. Thus the speciﬁcation of the Weyl function uniquely determines the
coefﬁcients.
Proof. We consider the matrix P(x,q) = [Pj,k(x,q)]j,k=1,2 deﬁned byPðx; qÞ ~uðx; qÞ
~/ðx; qÞ
~u0ðx; qÞ ~/0ðx; qÞ
" #
¼ uðx; qÞ /ðx; qÞ
u0ðx; qÞ /0ðx; qÞ
	 

 ð24ÞBy virtue of (23), this yieldsPj1ðx; qÞ ¼ uðj1Þðx; qÞ~/0ðx; qÞ  /ðj1Þðx; qÞ~u0ðx; qÞ;
Pj2ðx; qÞ ¼ /ðj1Þðx; qÞ~uðx; qÞ  uðj1Þðx; qÞ~/ðx; qÞ:
(
ð25Þ
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Pj2ðx; qÞ ¼ Sðj1Þðx; qÞ~uðx; qÞ  uðj1Þðx; qÞ eSðx; qÞ  cMðqÞuðj1Þðx; qÞ~uðx; qÞ;
(
ð26Þwhere cMðqÞ ¼ fMðqÞ MðqÞ. Since MðqÞ ¼ fMðqÞ; deduce cMðqÞ ¼ 0; and conse-
quently the functions Pjk(x,q), k= 1,2, are entire in q for each ﬁxed xP 0. It follows
from Corollary 2.3, Lemma 3.1 and (25) that for xP 0, q 2 Gd,jP11ðx; qÞj 6 C; jP12ðx; qÞj 6 Cjqj1:
Therefore P11(x,q) = P1(x) and P12(x,q) = 0 for each xP 0. Together with (24), we
have for all x and q thatP1ðxÞ~uðx;qÞ ¼ uðx; qÞ; P1ðxÞ~/ðx; qÞ ¼ /ðx; qÞ: ð27Þ
Since MðqÞ ¼ fMðqÞ; it follows from (21) that b1 ¼ ~b1.
First let x 2 [0,a]. Taking the functions e(x,q), u(x,q) in [0,a], D(q), (18) and equality
b1 ¼ ~b1; we have as arg q 2 0; p2
 
; jqj ! 1uðx; qÞ
~uðx; qÞ ¼ expðiðQðxÞ 
eQðxÞÞÞ½1; /ðx; qÞ
~/ðx; qÞ ¼ expðiðQðxÞ 
eQðxÞÞÞ½1: ð28Þ
One has from (27) and (28) thatP1ðxÞ ¼ expðiðQðxÞ  eQðxÞÞÞ½1; P1ðxÞ ¼ expðiðQðxÞ  eQðxÞÞÞ½1; ð29Þ
and consequently, QðxÞ ¼ eQðxÞ and P1(x) = 1 for x 2 [0,a].
Now let xP a. Taking the functions e(x,q), u(x, q) in [a,1), D(q), (18) and
equalities b1 ¼ ~b1;QðaÞ ¼ eQðaÞ into accounts, we get as arg q 2 0; p2 ; jqj ! 1uðx;qÞ
~uðx;qÞ ¼ exp ðx 1Þ
1
2 ðQaðxÞ  eQaðxÞÞ ½1;
/ðx;qÞ
~/ðx;qÞ ¼ expððQaðxÞ  eQaðxÞÞÞ½1;
8<: ð30Þ
where QaðxÞ ¼ 12
R x
a
q1ðtÞdt. It follows from (27) and (30) thatP1ðxÞ ¼ exp ðx 1Þ
1
2 ðQaðxÞ  eQaðxÞÞ ½1; P1ðxÞ
¼ expððQaðxÞ  eQaðxÞÞÞ½1: ð31Þ
Since ðx 1Þ12 þ 1 > 0; deduce QaðxÞ ¼ eQaðxÞ and P1(x) = 1 for xP a.
Thus q1ðxÞ ¼ eq1ðxÞ;P1ðxÞ ¼ 1 for all xP 0. According to (27), we have
uðx; qÞ ¼ ~uðx; qÞ; /ðx; qÞ ¼ ~/ðx; qÞ: ð32ÞHence q0ðxÞ ¼ eq0ðxÞ on (0,1) and b0 ¼ ~b0. Theorem 4.1 is proved. h
Remark 4.2. Using the method of spectral mappings (see, Yurko [9,10]) on the prop-
erties of the Weyl function obtained above, one can obtain a procedure for the solution
of the inverse problem along with necessary and sufﬁcient conditions for its solvability.
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